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1'1 11: J L T  PnOPIJLSION LA13OKATORY MET1 IOD OF TRACKING 
LIJIJAR PRORkS" 

J e t  P r o p u l s i o n  L a b o r a t o r y  
C a l  i f o r n i d  I n s t i t u t e  of Technology 

P a s a ( l c n a ,  C a l i f o r n i a  

R U S S E ! ~ ~  E. C a r r  

I. INTKODUCTI  ON 

- ?  

In t h i s  d e s c r i p t i o n  of 1.unar-probe t r a c k i n g ,  a s m a l l  c o n i c a l  

o i i j c c t  i i. v i s u a l i z c d  s p c e d i n g  t h r o u g h  s p a c e  a n d  s p i n n i n g  on i t 5  a x  i.; - 
Thc .instrumc:n-ts s b o a r d  t h e  o b j e c t  a r c  c o l l e c t i n g  v a l u a b l c  s c i c n t i f  i c  

i n f o r m a t i o n  a n d  t e l e m e t e r i n g  t h e  i n f o r m a t i o n  i n t o  s p a c e .  An o b s c r -  

\ i< i - t ion  s t a t i o n  on E ; i r th  rniJst know i n  wha t  d i r e c t i o n  i t s  n a r r o w  beam 

ant>vrina must be  p o i n t e d  i n  order t .o r e c e i v e  t h e  s i g n a l s  b e i n g  trans- 

m i t t r : d .  [Ji-)less - t h i s  beam i s  p r o p e r l y  po in - t ed  a t  t h e  p r o p e r  t i m e ,  

t 1 1  .inio.r.rn..i-L:ion will  1.1~) :lost..  T h i s  d j  r c c t i o n a l  a s p e c t  of  t rCickinc j  

mu:-t t c ~ i k c  placi,. i n  T i  a1. tirnc. 

Thc711, (3  v a s t  amount o f  clci.i;a wh ich  h a s  bc.cn c o l l e c t e d  b y  s u c c e s s -  

f u l l y  p o i n t i t \ g  c2n c i ~ ~ t . r : n n a  t h r o u g h o u t  t h e  l i f c t i m c  of t h e  power s u p p l y  

c;3rriecl h y  t h e  ~ , r . ~ h c  i s  p i c t u r c c l -  The t ime  a- t  wh ich  e a c h  d a t a  p o i n t  

VJ~J:, t,i nsn-iit.-ti:d i..; Icnown, b u t  t h e  pl;ice Prom which. i t  came i s  y e t  t o  

b e ?  dt.-Lerrnj.nr:d. 1 t. i s  ev idcn-I :  - th<it  t h e  dixrc;- t ion f rom which  t h c  s i g n f d l  

r F . c { \ i i  rclj. I t  m<iy c v c  12 hc. ncBccssary t o  c o r r r l a t c  t h c  d a t a  w i t h  thc 
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: ,pac i<+ I , i t t i t u d e  or  t h e  iliic-,sile d x i  1, a t  Chr lime of tranclmic,r , ior\ .  

Thcc,e ci' pect.5 of  t r a c l ~ i n g ,  howcvt r, may be  cornpletcd at 3 mor( 

I c i s u r c  l y  r a t e .  

In dny e v e n t ,  3 s u c c e s s f u l  t r a c l t i n g  program must  p r o v i d p  € o s  

b o t h  t h e  r e c e p t i o n  of  t h c  s i g n a l s  and  t h c  d e t c r m i n a t i o n  of t h e  

p o s i t i o n  and  a t t i t u d e  of  t h e  probc a s  a f u n c t i o n  of time. 

11. METHOD OF TRACKING 

Rad io  t e l e s c o p e s  t o  h e  u s e d  i n  - t r a c k i n g  .probes a r e  common:Ly 

mountcd i n  one of-' t.wo manners .  I n  9 . i t h e r  i n s t a n c e ,  two degrE,c-s of 

freed.om a r e  a v a i l a b l e .  On? axis i s  c a p a b l e  o f  a l l o w i n g  a 360-deg 

r o t a t i o n ,  whereas  t h e  second  a x i s  (making a r i g h t  a n g l e  w i t h  t h ( :  

f i r s t .  a x i s )  nllovi:; r o - t a t i o n s  of p l u s  o r  minus 90 deg .  I n  wha t  i s  

ternled .:in e l e v j t i o n - - a z i m u t h  mounting I t h c  a x i s  of  t h e  360-deg 

r o ~ t a t i o n  i s  i1 r : r t i ca i .  I n  t h c  t y p e  of mount ing  c a l l e d  e y u a t o r i c i l ,  

t h i s  a x l  'i i.s p~: i . c? l le l  t o  t h e  E a r t h ' s  p o l a r  a x i s .  I n  e l - e v a t i o n -  

a z i m u t h  moun-ti ni j ,  t h e  l o c a l  b u b b l e - v e r t i c a l  j.:, used more f rcc lucn- i . ly  

t h a n  t h e  l o c a l  r a d i a l  v c \ r - t i c a l  f rom t h e  c e n t r r  of  t h e  F a r t h .  

When e l e v a t i o n - a z i m u - t l i  mounting i s  u s e d ,  t h e  a n g l e  of  r o t a t i o n  

a b o u t  t h c  l o c a l  v e r - t i c a l  i:; c a l l e d  t h c  a z i m u t h  a n g l e ,  a. The o t h c r  

a n g l e  of r o t a t i o n  c o r r e s p o n d s  t o  t h e  a n g l e  measurc-d f rom t h e  l o c a l  

h o r i z o n t a l  and i..; c a l l e d  t h e  e l e v a t i o n  a n g l e ,  y ( s e e  F i g .  1) 

Whcn equatorial noun- t in9  i s  t h e  method used ,  t h e  angl r -  o f  

r o - t a t i o n  dbou-t -thr: a x i s  p a r a i l e l  -to t h e  kar - th1s  p o l a r  a x i s  i s  c a l : l e d  

the l o c a l  right a s c e n s i o n ,  ( t .  Thr:. o t h e r  dr igle  of r o i d t i o n  corre:;ponci.; 

f a y  2 
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.Lc L l i c  , i  ncj.1.e ~ ~ i c ~ . ~  '-11 rcid fro111 t h e  l o c a l  cyua  t o r i a l  p1;ine a n d  i s  cc i l l ed  

t ~ i e  1 (i i : i i  rAi.clinci \.'idn, b ( : see  Fig .  2) . 
I f  b o t h  t.lic p o s i t i o n  o f  t h e  p r o b e  and  - the l o c a t i o n  of t h e  r a d i o  

t.cler;cope .are known, t h e  v a l u e s  of  a ,  6, y ,  a n d  cr may b e  d e t e r m i n e d .  

A s  w i l l  be  d i s c u s s e d  s u b s e q u e n t l y ,  however ,  t h e  a p p a r e n t  v a l u e s  of  

t h e s e  a n g l e s  w i l l  n o t  be t h e i r  g e o m e t r i c  v a l u e s .  I n  o r d e r  t o  o b t a i n  

t h e  a p p a r e n t  v a l u e s ,  t h e  g e o m e t r i c  v a l u e s  must  b e  c o r r e c t e d  f o r  

refraction and v a r i o u s  s t a t i o n  a n o m a l i e s .  

I n  o r d e r  t o  f a c i l i t a - t . c  o p e r a t i o n  of t h e  g e a r  d e v i c e  of t h e  

t e l e s c o p e ,  it i s  c o n s i d e r e d  d p s i r a b l e  t o  c a l c u l a t e  t h e  t i m e  r a t r  

also of u s  6, y, and 0 .  

I n  o r d e r  -to s u c c e s s f u l l y  h a n d l e  t h e  i n f o r m a t i o n - r e c e i v i n g  a s p e c t  

of - t r a c k i . n c ~ ,  a I . 1  r a d i o  t e l e s c o p e s  must be p r o v i d e d  w i t h  t h e  appro -  

p r i a t e l y  c o r r e c t e d  v a l u e s  of (a ,  6 )  or (y, c r )  a n g l e s .  

i s  a c q u i r e d  by a p a r t i c u l a r  s t a t i o n ,  a u t o m a t i c  l o c k e d  l o o p  may b e  

a v a i l  d h L e  t o  p rov i t i e  f 01' c i i ~ t c ~ r u a t i c  d i r e c t . i o n a 1  t r d c l t i n g  u n t i l  thc. 

prokli. I.JO:>L b e l  IXJ -tllr. s t a t i o n '  5 h o r i z o n  o r  beyond t h e  r a n g p  of t h e  

antt-iiri,-i, 

Once t h e  s i g n a l  

When t h e  p u w e ~ - c ? d  por-t..i.on o f  t h e  f l i g h t ,  h a s  t e r m i n a t e d ,  t h e  p a t h  

oi- t h r  probe  . i n  1.1 c lcc  i s  dcf-inr?cl b y  s i x  parr3i i ie t~ers .  D e f i n i n g  some 

p d r t i c u l a r  .tiiiic 

f i x e d  pos j . - t i on  arid v e l o c i t y  corrlpnnent s a r e  u s e d  f o r  t h e  s i x  

pc?raliie-t.er~:~ : 

t e r  pw!er.ed f l i g h t  a s  i n j e c t i o n  t i m e  to,  t h e  E a r t h  

R (Ai:; i < i n c e  from center. r ~ i  t .hc Earth t o  p robe  - '0 
(po ~ r ~ ~ j i c ; l ~ - t r . i c  1.cit . i .  tiu~le of  t h e  p robe  

Ocl 1 on(j! -tuiict  oE t h e  p r a b c  

Pagc  3 
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i fo r l i igni tudc o f  f a 1  1.17-Eixed vel  o c i t y  of  p robe  

e l e v c i t i o r l  a n g l e  of L a r i h - T i x e d  v c l o c i t y  ( g c o c e n t r i c  

h o r i z o n t a l )  
YO 

a. a z i m u t h  a n g l e  of  E a r t h - i i x e d  v e l o c i t y  

These  i n j e c t i o n  c o n d i t i o n s  s e r v e  as i n i t i a l  c o n d i t i o n s  t o  u s e  

w i t h  t h e  e q u a t i o n s  of m o t i o n  of t h e  p r o b e ,  and  s u b s e q u e n t  p o s i t i o n  

dnil v e l o c i t y  components  a t  t ime to a r e  o b t a i n e d  by  n u m e r i c a l  i n t e -  

q r d t i o n  of t h e  e q u a t i o n s  of motion.  The a c t u a l  n u m e r i c a l  i n t e g r a t i o n  

i s  c d r r i e d  o u t  i n  s p i c e - - f i x e d  r e c t a n q u l a r  c o o r d i n a t e s ,  and a p p r o p r i 2 t . c  

t r a n s f o r m a t i o n s  a r e  u s e d  t o  p r o v i d e  f o r  o t h e r  t y p e s  of  i n p u t  and 

o u t p u t  e 

The e y u a t i . o n s  of rriotion i n c l u d e  < . i c c e l e r a - t i o n s  r e s u l t i n g  f rom t h e  

E a r t h ’ s  o b l a t e n e s s  a s  wel.1 a s  a c c e l e r a t i o n s  a c c o u n t i n g  f o r  t h e  

g r a v i t a t i o n a l  e f f e c t s  of  t h e  Sun and  t h e  Moon. 

I n  o r d e r  t o  d e t e r m i n e  t h e  p a t h  b e s t  f i t t i n g  t h e  o b s e r v a t i o n s ,  a 

s equence  of e s t i m a t e s  of t h e  i n j e c t i o n  c o n d i t i o n s  i s  u s e d .  

The f i r s t  e s t i m a t e  of t h e  i n j e c t i o n  c o n d i t i o n s  i s  a r r i v e d  a t  i n  

one o f  two manner s :  e i t h e r  t h e  nomina l  v a l u e s  of  t h e  i n j e c t i o n  

c o n d i t i o n s  from a p r e - f l i g h t  s t a n d a r d  a r e  u s e d ,  o r  t h e  b o o s t e r - c u t o f f  

c o n d i t !  ons  o b t a i n e d  f rom down-range i n s t r u m e n t a t i o n  a r e  u s e d  a s  

i n i t i a l  c o n d i t i o n s  f o r  a n u m e r i c a l  i n t e g r a t i o n  t h r o u g h  a nomina l  

h i g h - s p e e d  c l u s t e r .  

The s u b s e q u e n t  e s t i m a t e s  a r e  b a s e d  on a n  i t e r a t i v e  p r o c e d u r e .  

U:; i nq 

Paqc 4 
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t o  i r id icc i te  t h e  k t h  e s t i m a t e  of t h e  i n j e c t i o n  p a r d m e t e r s ,  t h e  

( k  + L ) s t  c s t i m a t e  

*$ 

(k + 1) 
’ O O  

, ... ‘k + 1) ( k  + 1) 
RO ’ ‘Po 

i s  o b t a i n e d  by  a d d i n g  on a c o r r e c t i o n  o b t a i n e d  f r o m  c o r r e l a t i n g  t h e  

p r e d i c t e d  v a l u e s  of t h e  o b s e r v a b l e s  a t  N s u c c e s s i v e  times 

w i t h  thc.  a c t u a l  v a l u e s  o b s e r v e d  a - t  t h o s e  t imes .  

The t y p e s  of o b s e r v a b l e s  assumed p o s s i b l e  a t  t h e  i t h  o b s e r v a t i o n  

s t a t i o n  a r e  t h e  ( a i ,  b i )  a n g l e s  o f  a n  e l e v a t i o n - a z i m u t h  r a d i o  t c l e -  

s c o p e ,  t h e  ( u i ,  G . )  a n g l e s  of a n  e q u a t o r i a l - m o u n t  r a d i o  t e l e s c o p e ,  

and  a f r e q u e n c y  c o u n t ,  fi, f rom a d o p p l e r  s t a t i o n .  
1 

I n  a c t u a l  f a c t ,  t h r e e  s t a t i o n s  e x i s t :  

Cape C a n a v e r a l  which h a s  a c loppler  r e c e i v e r  o n l y .  

P u e r t o  R i c o ,  which h a s  a d o p p l e r  r e c e i v e r  and a s m a l l  1 0 - f t  

d i s h  e l e v a t i o n - a z i m u t h  mount r a d i o  t e l e s c o p e .  

G o l d s t o n e  L a k e ,  l o c a t e d  a t  Camp I r w i n ,  C a l i f o r n i a ,  which  h a s  a 

d o p p l e r  r e c e i v e r  and a l a r g e  8 5 - f t  d i s h  e q u a t o r i a l - m o u n t  r a d i o  

t e l e s c r t p e .  

The p r i m a r y  f u n c t i o n  of t h e  r e l a t i v e l y  s m a l l - r a n g e  P u e r t o  R i c o  

a n t e n n a  i s  p r o v i s i o n  o f  d a t a  t o  p r e d i c t  t h e  i n i t i a l  G o l d s t o n e  

a c q u i s i t i o n  o f  t h e  s i g n a l .  Subsequen t  G o l d s t o n e  a c q u i s i t i o n s  s h o u l d  

h e  p r e d i c t a b l e  from t h c  p r ~  v ious  ones  e 

I n  -the i n s t a n c e  of PIOhJEER I V ,  t h e  r a n g e  of t h e  G o l d s t o n e  

a n t e n n a  al- lowed for t h e  r e c e p t i o n  of s i g n a l s  (when p r o p e r l y  p o i n t e d )  

a t  d i s t - a n c e s  g r e a t e r  t h a n  t h a t  o f  t h e  Moon. 

Page 5 
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1.Jn lor tSunate ly ,  d r i f t  of the t r a n s m i t t e r  i n  t h e  p rohc  mad(. t h c  

doppler 3 d t a  t i n f i t  for a n g u l a r  p r p d i c t i o n ; .  Subriec~uent  d i s c u s r l i o t i  

of  c o r r n c t i o n s  made on p r e d i c t e d  v a l u e s  i s  t h e r e f o r e  c o n f i n e d  t o  

a n g u l a r - - t y p e  d a t a .  

D i s r e g a r d i n g  a n y  o b s e r v a t i o n a l  e r r o r s ,  t h e  a p p a r e n t  v a l u e s  

o b s e r v e d  for a ,  6, y ,  and  CI would sti.11 n o t  a g r e e  w i t h  t h e  g e o m e t r i c  

v a l u e s .  With a n y  c a l c u l a t e d  v a l u e s  f o r  t h e s e  q u a n t i t i e s ,  t h e n ,  

c o r r e c t i o n s  a r e  a p p l i e d  which  a c c o u n t  f o r  r e f r a c t i o n  and  c e r t a i n  

s t b a t i o n  a n o m a l i e s .  

The c o r r e c t i o n  for r e f r a c t i o n  i s  n o t  a simple p r o c e d u r e .  The 

i n d e x  of  r e f r a c t i o n ,  n ,  i s  n o t  t o o  well known and  i s  d e p e n d e n t  upon 

s u c h  f a c t o r s  a s  t h e  t e m p e r a t u r e ,  t h e  h u m i d i t y ,  a n d  t h e  f r e q u e n c y  of  

t h e  s i g n a l  b e i n g  t r a n s m i t t e d .  A t  a n y  g i v e n  t i m e ,  n c a n  b e  thought .  

of CIS a f u n c t i o n  o f  p o c i t i o n .  The a c t u a l  pa-th of a s i g n a l  f r o m  t h c  

prc!khc to t h o  o~,st..rv,.i-t.iori s t a t i o n  i s  g i v e n  t . h P o r e t i c a l l y  a s  t-ha-t  p a t ) ?  

C: 8 i . i i ; l ~  -th;-l 1 t h r  i..Far.ici t i a n  of 1.11~ . i n t e g r a l  of  nds  o v e r  C .i :, z e r o ;  

- t , ~ i a t  is , 5 rC t-icls = 0. 

l d r )  r . - t . r . i  i r j h t io r \ . i a rd  prclcesc. i:, a v a i l r i b l e  ~ O I .  f i n d i n g  the apparc in t  
.iL 

va:I.~ie of -.( 

if7 k r i r i ( l - .  - th<i-t n i s  o n l y  a € u n c t i o n  of t h e  h e i g h t  h above  a s p h e r e ,  

c o n c e n t r i c  wi- th  t h e  E d r t h ,  whose r a d i u s  e q u a l s  t h e  d i s t a n c e  f rom 

c e n t c r  of E a r ~ t h  t o  t h e  o b s e r v a t i o n  s t a t i o n ,  and  when t h e  f u n c t i . o n  

n (  h )  is ~11;c;umed known. A trial and  error p r o c e s s  of  gucs r ; jng  a t  

yj'' must .  I I V  u;cd.; t h e  c o r r e c t  v a l u e  o f  y i " i s  tha'i v a l u e  wh ich  y i e l d s  

t.hc corrcc,t.  Y o l u i - i o n  i n  a n  o rd i .na ry  d i f f e r e n t . i a 1  c ( l u a ~ t i o n  v l i t h  t\;.!o 

I '.> i ri -i. L I? u t-! d r y c o I 1 d i. 1. i o n 7, . 

which  we ca1.l Y ", e v e n  when t h s  s i m p l i f y i n g  a s s u m p t i o n  i' i 

..,c Y- 

W -i t h s u c h a n 3 s s u mp -t .i o n , 
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Thus ,  i f  n ( h )  i s  assumed i n  advance ,  a t a b l e  o f  t h e  v a l u e s  of  t h e  

f u n c t i o n  may be computed. When n = n ( h ) ,  i t  may be  c o n c l u d e d  t h a t  

* * When yi a n d  bi have  been d e t e r m i n e d ,  a s t r a i g h t f o r w a r d  

g e o m e t r i c a l  t r a n s f o r m a t i o n  y i e l d s  t h e  a n g l e s  

The e l e v a t i o n - a z i m u t h  r d d i o  t e l e s c o p e s  a r e  commonly d l i g n r d  wi-t.h 

t h e  Gub!,le v e r t i c a l .  Thus ,  a n o t h e r  g e o m e t r i c a l  t r d n s f o r m a t i o n  l e a d s  

t o  t h e  v a l u e s  of  

The a l i g n m e n t  of axes of t h e  e q u a t o r i a l - m o u n t  t e l e s c o p e s  i s  n o t  

d e p e n d e n t  on t h e  v e r t i c a l ,  S Q  

4: -?-* = 
'i 'i 

With  b o t h  t y p e s  o f  mounts ,  t h e  a n t e n n a  a x e s  a n d  t h e  g e o m e t r i c a l  

a x r s  a r e  s l i g h t l y  m i s a l i g n e d ;  t h e r c € o r e ,  t h e  a n g l e s  also have> s m s l l  

a d d i t i v - e  b o r e - s i g h t  e r r o r s .  T h u s ,  we a r r i v e  a t  
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Although d i s c u s s i o n  of f u r t h e r  c o r r e c t i o n s  r e l a t i n g  t o  t h e  

s o - c d l l e d  p o l a r i z a t i o n  s n g l c  i s  o f  i n t e r e s t ,  i t  i s  n o t  i n c l u d e d  i n  

t h i  s p r e  s e n t a  t i o n .  

The t h e o r e t i c a l  b a s i s  f o r  d e t e r m i n i n g  t h e  c o r r e c t i o n s  t o  t h e  

i n j e c t i o n  c o n d i t i o n s  h a s  now been  approached .  To s i m p l i f y  n o t a t i o n ,  

t h e  p r e d i c t e d  v a l u e s  of  a n y  one o f  t h e  t r i p l e - s t a r r e d  q u a n t i t i e s  a t  

time t j ,  b a s e d  on t h e  k t h  e s t i m a t e  of t h e  i n j e c t i o n  c o n d i t i o n s ,  a r e  

d e s i g n a t e d ,  b y  F j ( i , i c ) .  

The t r u e  v a l u e  i s  d e s i g n a t e d  b y  F . ( i )  and  t h e  o b s e r v e d  v a l u e  b y  
1 .  

The e r r o r  o f  o b s e r v a t i o n  a t  t i m e  t i s  t h e n  E t h e  d i f f e r e n c e  j j ’  

A ( i )  and  t h e  t r u e  v a l u e  F (i). be tween  t h e  o b s e r v e d  v a l u e  F j  Unfor-  j 

t u n a t e l y ,  t h e  t r u e  v a l u e  of  F j ( i )  i s  n o t  known. 

t a c i t .  a s s u m p t i o n  t h a t  t h e  e x a c t  p a t h  of t h e  p robe  would  a g r e e  w i t h  

However, on t h e  

t h e  p a t h  c c i l c u l a t e d  i.f t h e  i n j e c t i o n  c o n d i t i o n s  were known, t h e n ,  

w r i t i n g  

t h e  e s t i m a t e  of t h e  c o r r e s p o n d i n g  q u a n t i t y  a t  t i m e ,  t j ,  b a s e d  on  t h c  

k t h  cc8,irnc1tc o f  t h e  i n j e c t i o n  c o n d i t i o n s ,  i s  g i v e n  b y  

C l e a r l y ,  t h c n ,  the t r u e  value, F j ( i ) ,  c a n  be expanded a s  a 

TdylOr e x f , J n s i o n  i n  t h e  s i x  unknowns 

Page s 
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I 

Hence ,  t h e  e r r o r  of o b s e r v a t i o n  a t  a n y  t ime t j  may be w r i t t e n  a s  

It s h o u l d  be n o t e d  t h a t  t h e  f i r s t  b r a c k e t e d  t e r m  on t h e  r i g h t  of  t h e  

e q u a t i o n  i s  t h e  d i f f e r e n c e  between a va luv  which  i s  a c t u a l l y  o b s e r v e d  

and  a v a l u e  wh ich  c a n  bc c a l c u l a t e d  w i t h  a h i g h - s p e e d  compute r .  The 

o t h e r  b r a c k e t e d  terms on t h e  r i g h t  a r e  d i f f e r e n c e s  w h i c h ,  i f  t h e y  

c o u l d  b e  s o l v e d  f o r ,  would g i v e  t h e  e x a c t  i n c r e m e n t s  t o  b e  added  t o  

t h e  k t h  e s t i m a t e  of t h e  i n j e c t i o n  c o n d i t i o n s  i n  o r d e r  t o  o b t a i n  t h e  

t r u e  i n j e c t i o n  c o n d i t . i o n s .  The r i g h t - h a n d  s i d e  of t h e  e q u a t i o n  

c o n t a i n s  dn  i n f i n i t e  number of b r a c k e t e d  t e r m s ,  b u t  i n  t h e  s u b s c q u e n l  

a p p l i c a t i o n ,  o n l y  t h e  l i n e a r  termc, a r e  e v e n t u a l l y  u s e d .  The co-  

e f f i c i e n t s  of t h e  l i n e a r  t e r m s  a r e  f i r s t  p a r t i a l  d e r i v a t i v e s  a t  -time 

i j  e v a l u a t e d  d t  

i 

which mcdnc t h e y  c a n  be  c a l c u l a t e d .  The p r o c e d u r e  u s e d  t o  d a t e  h a s  

b e e n  t o  a p p r o x i m a t e  the p a r t i a l s  by usi-ng o n e - s i d e d  d i f f e r e n c e s .  

Froin t h e  p o i n t  o f  v iew of‘ u s i n g  a d i . y i t s l  c o m p u t e r ,  t h i s  means 
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i 

c h o o s i ng s (1 .i t d b 1 e i nc  r eme n t s 

a n d  r u n n i n g  s e v e n  t r a j e c t o r i e s  s i m u l t a n e o u s l y ,  one w i t h  i n i t i a l  

c o n d i t i o n s ,  

a n o t h e r  w i t h  i n i t i a l  c o n d i t i o n s ,  

s t i l l  a n o t h e r  w i t h  i n i t i a l  c o n d i t i o n s ,  

and  s o  f o r t h .  

A t  a l l  t imes,  , c o r r e s p o n d i n g  t o  a c t u a l  o b s e r v a t i o n  f r o m  t h e  

i t h  s t a t i o n ,  t h e  p a r t i a l  d e r i v a t i v e s  a r e  t h e n  a p p r o x i m a t e d ,  for 

example ,  by 

and  s o  on. 

The a s s u m p t i o n s  on which  t h e  t r a c k i n g  i s  b a s e d  a r e  a s  f o l l o w s :  

For l a c k  of any  b e t t e r  knowledge, i t  i s  assumed t h a t  t h e  e r r o r s  of 

o b s e r v a t i o n ,  e j ,  a r e  i n d e p e n d e n t ,  and  t h a t  t h e y  have  a normal  

d i s t r i b u t i o n  a b o u t  a z e r o  mean w i t h  a s t a n d a r d  d e v i a t i o n  Oje 

Pagc  10 
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It i s  f u r t h e r  assumed t h a t  t h e  r a t i o  of t h e  d j  f o r  a n y  t w o  times 

i s  known; t h e r e f o r e  O j  = b / w j ,  where  w j  i s  known. 

a t  a n y  t i m e  no i n f o r m a t i o n  i s  a v a i l a b l e  c o n c e r n i n g  wj, a l l  v a l u e s  of 

w c a n ,  f o r  t h e  time b e i n g ,  b e  s e t  e q u a l  t o  one .  It  i s  a l s o  c l e a r  

t h a t  when a l l  t h e  d a t a  a r e  a v a i l a b l e  a n d  a more l e i s u r e l y  approach  

I t  i s  e v i d e n t  t h a t ,  

j 

j *  i s  p o s s i b l e ,  t h e  d a t a  c a n  b e  examined  t o  o b t a i n  a n  e s t i m a t e  of  w 

It i s  assumed t h a t  t h e  b e s t  f i t  t o  t h e  d a t a  i s  t h a t  wh ich  

max imizes  t h e  l i k e l i h o o d  f u n c t i o n  of t h e  o b s e r v a t i o n a l  e r r o r s .  I n  

t h e  i n s t a n c e  of  one o b s e r v a b l e ,  t h e  l a s t - m e n t i o n e d  a s s u m p t i o n  means 

i s  m u l t i p l i e d  by w t h e  s q u a r e  of t h e  p r o d u c t  w E i s  t h a t  i f  t h e  cj 
, j y  j j  

summed o v e r  a l l  j, a n d  t h e  d e r i v a t i v e s  of t h i s  sum w i t h  r e s p e c t  t o  

e a c h  of t h e  d i f f e r e n c e s  

i s  s e t  t o  z e r o ,  t h e n  a s y s t e m  of s i x  n o n - l i n e a r  e q u a t i o n s  i n  t h e s e  

d i f f e r e n c e s  i s  o b t a i n e d .  As each  of t h e s e  s i x  e q u a t i o n s  i n v o l v e s  a n  

i n f i n i t e  se r ies  i n  t h e  above d i f f e r e n c e s ,  t h e  s e t  c a n n o t  be  s o l v e d  

e x p l i c i t l y .  

A t  t h i s  t i m e  t h e n ,  t h e  l i n e a r i z a t i o n  h y p o t h e s i s  i s  made: I t  i s  

assumed t h a t ,  i f  a l l  b u t  t h e  l i n e a r  terms i n  t h e  d i f f e r e n c e s  a r e  

d r o p p e d  and t h e  d i f f e r e n c e s  r e p l a c e d  b y  

r e s p e c t i v e l y ,  t h e n  one c a n  s o l v e  t h e  l i n e a r  s y s t e m ,  g e t  t h e  e s t i m a t e s  
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use  t h e  new e s t i m a t e s  and  i t e r a t e  u n t i l  c o n v e r g e n c e .  I t  i s  f u r t h e r  

assumed t h a t  t h e  v a l u e s  t o  which  c o n v e r g e n c e  i s  made w i l l  b e  t h e  

maximum l i k e l i h o o d  e s t i m a t e  of 

T h e o r e t i c a l l y ,  it would a p p e a r  t h a t  one t y p e  o f  d a t a  w i t h  s u f f i c i e n t  

o b s e r v a t i o n s  would  e n a b l e  t h e  d e t e r m i n a t i o n  o f  t h e  i n i t i a l  c o n d i t i o n s .  

I n  a n y  e v e n t ,  it mus t  be assumed t h a t  measu remen t s  of s u f f i c i e n t  

number and  q u a l i t y  a r e  a v a i l a b l e  f o r  d e t e r m i n i n g  t h e  s i x  i n i t i a l  

c o n d i t i o n s .  From a p r a c t i c a l  v i e w p o i n t ,  i t  i s  c l e a r  t h a t  a n y  t i m e  

a n g u l a r  d a t a  a r e  a v a i l a b l e  f rom a r a d i o  t e l e s c o p e ,  two t y p e s  of d a t a  

a r e  a v a i l a b l e .  Thus ,  i f  o n l y  one a n g l e  i s  u s e d ,  v a l u a b l e  i n f o r m a t i o n  

i s  b e i n g  d i s c a r d e d .  

When combin ing  d a t a  of  two o r  more t y p e s ,  t h e  maximum l i k e l i h o o d  

a p p r o a c h  l e a d s  t o  t h e  a s s u m p t i o n  t h a t  e a c h  d a t a  t y p e  w i l l  b e  w e i g h t e d  

i n v e r s e l y  a s  i t s  s t a n d a r d  d e v i a t i o n  cj a t  t i m e  tj. 

d a t a  t y p e  w i l l  h a v e  i t s  own 0 ,  a n d ,  i n  a d d i t i o n ,  a t  e a c h  t i m e  t j  t h e  

p a r t i c u l a r  o b s e r v a b l e  w i l l  a l s o  h a v e  i t s  own w e i g h t  w j .  

T h a t  i s ,  e a c h  

The e f f o r t  t o  o b t a i n  c o r r e c t i o n s  t o  t h e  i n j e c t i o n  e s t i m a t e s  

u s i n g ,  f i r s t ,  p r e l i m i n a r y  e s t i m a t e s  b a s e d  on e a c h  d a t a  t y p e  

s e p a r a t e l y ,  t h e n  combining  t h e  p r e l i m i n a r y  e s t i m a t e s ,  h a s  n o t  p r o v e d  

n e a r l y  s o  s a t i s f a c t o r y  a s  o b t a i n i n g  one e s t i m a t e  f r o m  combined d a t a .  

F i f t e e n  m i n u t e s  o f  e a r l y  a n g u l a r  d a t a  f rom P u e r t o  R i c o  a t  1 0 - s e c  

i n t e r v a l s  have  p roved  e x t r e m e l y  u s e f u l  i n  p i n n i n g  down t h e  i n i t i a l  

c o n d i t i o n s  f o r  p o i n t i n g ,  when t r e a t e d  a s  combined d a t a .  When t r e a t e d  

s e p a r a t e l y ,  t h e  same d a t a  d i d  n o t  p roduce  v e r y  s a t i s f a c t o r y  r e s u l t s .  
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111. SUMMARY 

It may be  of i n t e r e s t  t o  summarize t h e  c u r r e n t  s t a t u s  of t h e  

a p p l i c a t i o n  of t h e  t r a c k i n g  program t o  t h e  two l u n a r - p r o b e  e f f o r t s  

d e s i g n a t e d  a s  PIONEER I11 a n d  PIONEER IV. 

In t h e  f i r s t  c a s e ,  t h e  o v e r - a l l  r e s u l t  was a p p r o x i m a t e l y  a 

38-hour  f l i g h t .  A l l  of t h e  t e l e m e t e r e d  d a t a  were s u c c e s s f u l l y  

r e c e i v e d .  The P u e r t o  R i c o  s t a t i o n  r e c e i v e d  t h e  s i g n a l s  f r o m  t h e  

probe  l v i t h i n  a f e w  minute.; o f  l a u n c h i n g .  Eight. h o u r s  o f  d a t a  f rom 

P u e r t o  R i c o  were r e c e i v e d ;  t h e  s i g n a l  a t  'Go lds tone  w a s  p i c k e d  u p  

o n e - h a l f  h o u r  b e f o r e  it was l o s t  a t  P u e r t o  R i c o ,  and  t h e  l o s s  st 

P u c r t o  R i c o  o c c u r r e d  when t h e  d i s t a n c e  e x c e e d e d  t h e  r a n q e  of  t h e  

P u e r t o  R ico  a n t e n n a .  The Gold.stone s t a t i o n ,  wh ich  h a s  t h e  more 

p o w e r f u l  a n t e n n a ,  r e c e i v e d  s i g n a l s  f o r  a n o t h e r  e i g h t  h o u r s ,  l o s i n g  

c o n t a c t  when t h e  p r o b e  went. below t h e  h o r i z o n .  F o u r t e e n  h o u r s  l a t e r ,  

when t h e  probe  came c l o s e r  t o  t h e  E a r t h ,  t h e  P u e r t o  R i c o  a n t e n n a  was 

a b l e  t o  p i c k  u p  t h e  s i g n a l s ,  bu t  l o s t  them a g a i n  e i g h t  h o u r s  l a t e r  

when t h e  probe  w c n t  o v e r  t h e  h o r i z o n  a s  i t  p lunged  t o  E a r t h .  

The p r o c e d u r e  f o r  u s i n g  combined d a t a  was n o t  a v a i l a b l e  a t  t h e  

t.ime o f  PIONEER 111, zrid t h e  t r a c k i n g  was more o r  less E x p e r i -  

m e n t a l .  With much p e r s e v e r a n c e ,  t h e  G o l d s t o n e  a c q u i s i t i o n  and  t h e  

P u e r t o  R i c o  r e - a c q u i s i t i o n  were s u c c e s s f u l l y  p r e d i c t e d .  

A s  t h e  p r o c e d u r e  f o r  u s i n g  combined d a t a  was a v a i l a b l e  f o r  

PIONELR IV, t h e  p o i n t i n g  of t h e  a n t e n n a  was ;I smooth o p e r a t i o n ,  

G o l d s t o n e  a c q u i s i t i o n  and  r e - a c q u i s i t i o n  were  S U C G E S ~ E U ~ ,  and  a l l  

- t c l eme tc . r c~~d  da- ta  above  t h e  Golds- tone h o r i z o n  were  r r c e i v r d  u n t i l  
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t h e  power s u p p l y  a t  t h e  p robe  gave o u t .  The l a s t  d a t a  were  r e c e i v e d  

on t h e  f i f t h  d a y ,  a t  which t ime t h e  p robe  had  e x c e e d e d  t w i c e  t h e  

d i s t a n c e  t o  t h e  Moon. 
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